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A CONSERVED ENERGY FOR AXIALLY SYMMETRIC
NEWMAN-PENROSE-MAXWELL SCALARS ON KERR BLACK
HOLES
NISHANTH GUDAPATI
Abstract. We show that there exists a 1-parameter family of positive-definite
and conserved energy functionals for axially symmetric Newman-Penrose-Maxwell
scalars on the maximal spacelike hypersurfaces in the exterior of Kerr black
holes. It is also shown that the Poisson bracket within this 1-parameter family
of energies vanishes on the maximal hypersurfaces.
1. Background and Introduction
The Kerr metric (M¯, g¯) is a 2−parameter (a,m) solution of the vacuum Einstein
equations that represents massive, rotating black holes for 0 < |a| ≤ m :
g¯ =−
(
∆− a2 sin2 θ
Σ
)
dt2 − 2a sin
2 θ(r2 + a2 −∆)
Σ
dtdφ
+
(
(r2 + a2)2 −∆a2 sin2 θ
Σ
)
sin2 θdφ2 +
Σ
∆
dr2 +Σdθ2 (1)
where,
Σ := r2 + a2 cos2 θ (2a)
∆ := r2 − 2mr + a2, with the real roots {r−, r+} (2b)
and
θ ∈ [0, π], r ∈ (r+,∞), φ ∈ [0, 2π). (2c)
As it is evident from (1), the Kerr metric admits two Killing vectors ∂t and ∂φ. The
problem of stability of the Kerr metric for perturbations within the class of vacuum
Einstein equations is the subject of a long-standing research program in theoretical
and mathematical general relativity. Two of the important issues in the stability
problem of Kerr black holes are
(1) The lack of a positive-definite and conserved energy functional for the per-
turbations and the related superradiance effect (for a 6= 0)
(2) A gauge-invariant characterization of stability.
In the case of Maxwell (spin |s| = 1) perturbations of Schwarzschild black holes
(with a = 0 in (1)), a positive-definite energy functional can be constructed from
the energy-momentum tensor (see e.g., [5]). If one moves into the higher spin
(gravitational) perturbations, even in the case of Schwarzschild black holes − which
do not contain the ergo-region − the construction of a positive-definite energy for
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the gravitational perturbations is not trivial. Using Hamiltonian methods and
mode decomposition, a positive-definite energy functional for linear perturbations
of the Schwarzschild black holes was first constructed in the pioneering work of
Moncrief [26] for both even and odd parity perturbations (see also [27, 28, 25]).
In the recent complete proof of the linear stability of Schwarzschild black holes by
Dafermos, Holzegel and Rodnianski [8], an important role is played by a positive-
definite energy functional, which was constructed without the mode decomposition
restriction (see also [20]). Subsequently, this energy functional was independently
recovered by Prabhu-Wald [30], by applying the methods of ‘canonical energy’,
previously constructed by Hollands-Wald [19]. The linear stability based on the
Cauchy problem for metric coefficients was established in [21, 22]. Likewise, the
Morawetz estimate for linearized gravity on Schwarzschild was established in [3],
by extending the classic works [32, 41, 26].
In the case of Kerr black holes with non vanishing angular momentum, the
presence of the ergo-region causes significant difficulties in the construction of a
positive-definite energy. Indeed, at the outset, it is the ergo-region and the lack of
positivity of energy that results in phenomena such as the Penrose process, irre-
ducible mass [7] and superradiance [36, 17]. Furthermore, from a PDE perspective,
the lack of a positive-definite energy poses considerable obstacles in proving asymp-
totic boundedness and decay of perturbations.
A usual technique to overcome this issue is to construct a positive-definite energy
functional from a linear combination of the ∂t and ∂φ vector fields. However,
since this energy is not necessarily conserved, a separate Morawetz or spacetime
integral estimate is needed to control this energy in time. Along these lines, a
variety of powerful techniques are used to prove uniform boundedness and decay
of spin s = 0, 1, 2 fields on Kerr for ‘small’ or ‘very small’ angular momentum
[1, 2, 10, 37, 23, 24, 9]. Mode stability of Kerr black holes was established in the
celebrated work of Whiting [40], which was recently extended in [4] to the real axis.
Using spectral methods[14], the decay of linear wave equation for fixed azimuthal
modes was established in [15, 17, 16] for large |a| < m. The decay for a general
linear wave equation for large |a| < m was established in [11]. However, relatively
little is known about the global behaviour of higher spin (|s| = 1, 2) fields for large
|a|.
The special case of an axially symmetric linear wave equation admits a positive-
definite energy and energy density (for |a| < m) directly from the energy-momentum
tensor. However, this simplification does not carry forward to Maxwell or gravita-
tional perturbations, where counter examples for positivity of energy density can be
constructed (see the discussion in Section 2 of [29]). Based on the Brill mass formula
for axially symmetric initial data [12], a positive-definite energy functional for per-
turbations of extremal Kerr black holes was first constructed in [13]. Subsequently,
using Hamiltonian methods, a positive-definite energy functional was constructed
in [29] for Einstein-Maxwell perturbations of Kerr-Newman black holes for the full
subextremal range (|a|, |Q| < m). A detailed discussion of the evolution of methods
can be found therein.
Although the Einstein’s equations themselves are diffeomorphism invariant, the
fact that the choice of gauge for the perturbations of the metric is not unique
causes many problems in the perturbative theory. Therefore, the characterization
of perturbations of Kerr in terms of (locally) gauge-invariant variables is crucial.
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Taking advantage of the special algebraic properties of Kerr black holes, the
gauge-invariant quantities are constructed and studied in detail in several classic
works. These results are summarized and streamlined in the much revered mono-
graph of Chandrasekhar[6]. We refer the reader to this work for a detailed develop-
ment of the subject. Recently, the (minimal) complete set of local gauge-invariant
perturbative quantities of Kerr black holes was obtained in [35]. The adjoint opera-
tors that relate the Teukolsky variables to the symmetry operators of both Maxwell
and linearized gravity of Kerr are discussed in [34], which builds on [39]. In this
context, it may be noted that the ergo-region, the lack of positivity of energy and
superradiance also affect the dynamics of these gauge-invariant variables.
The aim of this work is to reconcile the positive-definite energy constructed in
[29] with the issue 2). In particular, we shall construct a positive-definite and
conserved energy functional for the Newman-Penrose-Maxwell scalars. We would
like to remark that this energy offers a significant ‘short cut’ in the analysis of
stability, in that it bypasses the need for the technical Morawetz or spacetime
integral estimates to control a positive-definite energy in time. Furthermore, the
fact that the fundamental energy is of ‘‖ · ‖L2 type’ in terms of the Maxwell scalars
Φ0,Φ1,Φ2 is particularly convenient in proving the explicit decay rates of the fields.
The problem of establishing decay rates of perturbations using the positive-definite
energy functionals is being pursued in a separate series of works.
In this work we shall restrict to the pure Maxwell case and the case of gravi-
tational (Einstein) perturbations of Kerr, which is a bit more technical, shall be
considered in a subsequent article. Actually, the Maxwell perturbations on Kerr
black holes are directly diffeomorphism invariant and in the case of axial symmetry,
also electromagnetic-gauge invariant. Nevertheless, in view of the similarity in the
structure of the Newman-Penrose scalars for Maxwell and gravitational perturba-
tions, the motivation for the current work is that it shall serve as a prelude to the
gravitational case.
In the current article, we shall use the results of a forthcoming article [29] for
a few peripheral aspects, but the main results hold independently and are built
from the foundations. Suppose ℓ and n are two null vectors of (M¯, g¯) such that
ℓ(n) = −1 and let ex and ey be two (unit) orthonormal spacelike vectors, then
define
m : =
1√
2
(ex + iey) m
∗ : =
1√
2
(ex − iey). (3)
For concreteness and convenience, let us choose the Kennersly frame for the tetrad
(ℓ, n,m,m∗) in the Newman-Penrose formalism:
ℓ : =
1
∆
((r2 + a2)∂t +∆∂r + a∂φ), (4a)
n : =
1
2Σ
((r2 + a2)∂t −∆∂r + a∂φ), (4b)
m : =
1
Σ
√
2
(ia sin θ∂t + ∂θ + i csc θ∂φ), (4c)
m∗ : =
1
Σ∗
√
2
(−ia sin θ∂t + ∂θ − i csc θ∂φ), (4d)
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represented in the Boyer-Lindquist coordinates (t, r, θ, φ), where
Σ := r + ia cos θ, Σ∗ : = r − ia cos θ, (5)
so that, we have
g¯µν = −ℓµnν − nµℓν +mµm∗ν +m∗µmν (6)
ℓ(n) = n(ℓ) = −1, and m∗(m) = m(m∗) = 1, (7)
and
n(n) = ℓ(ℓ) = 0, eT : =
1√
2
(ℓ+ n),
a unit timelike vector. In this work, we shall be interested in the Maxwell fields,
governed by the Faraday tensor F which is the critical point of the following func-
tional
SM : = −1
4
∫ ∥∥F∥∥2
g¯
µ¯g¯ (8)
for compactly supported variations of the vector potential A, where F = : dA. As
a consequence, we also have the Bianchi identities:
∇¯[γFµν] = 0, µ, ν, γ = 0, 1 · · · 3 (Bianchi Identities) (9)
∇¯ is the covariant derivative of (M¯, g¯). The variational principle of (8) results in
the Maxwell field equations
∇¯µFµν = 0, on (M¯, g¯), µ, ν = 0, 1, · · · 3. (10)
The variational principle (8) also results in the stress-energy tensor
Tµν : =
∂SM
∂gµν
− g¯µνSM (11)
=FµαF
α
ν −
1
4
g¯µνFαβF
αβ (12)
which is (M¯, g¯)− divergence and trace-free, as it is well known. Let us now define
the Newman-Penrose-Maxwell scalars in the (n, ℓ,m, m¯) tetrad as follows:
Φ0 : =Fµνℓ
µmν (13a)
Φ1 : =
1
2
Fµν(ℓ
µnν +m∗µmν) (13b)
Φ2 : =Fµνm
∗µnν . (13c)
In general, on a globally hyperbolic, asymptotically flat manifold there are sig-
nificant advantages in studying the dynamics of the Maxwell tensor F using the
Maxwell scalars Φ0,Φ1,Φ2. Firstly, due to their analogous structure to the Weyl
scalars, historically, the Maxwell scalars are considered to be a suitable ‘testing
ground’ to study gravitational problems. Secondly, the qualitative behaviour of
the F tensor is neatly separated in Maxwell scalars: Φ0, Φ2 encode the ‘radiative’
properties and Φ1 encodes the ‘Coulombic’ properties of the Maxwell tensor F .
Now consider a 3+1 decomposition of the Kerr metric such that (M¯, g¯) = R× Σ,
g¯ = −N¯2dt2 + q¯ij(dxi + N¯ idt)⊗ (dxj + N¯ idt), (14)
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where q¯ is the (Riemannian) metric of Σ. Upon a Legendre transformation of the
Lagrangian action (8), we get an ADM variational principle in the Hamiltonian
framework,
IADM : =
∫
(Ai∂tE
i −NH −N iHi)d4x (15)
for the phase space XMax : = {(Ai,Ei), i = 1, 2, 3}, where
H : =
1
2
µ¯−1q¯ q¯ij(E
i
E
j +BiBj), (16)
Hi : =− ǫijkEjBk, (17)
B
i : =
1
2
ǫijk(∂jAk − ∂kAj). (18)
As we already remarked, the Kerr metric (M¯, g¯) is axially symmetric with the
vector ∂φ as the Killing field that generates the SO(2) action on (Σ, q¯). We con-
struct the quotient Σ such that Σ : = Σ/SO(2) and we denote the fixed point set
of the SO(2) action with Γ. It may be noted that g¯(∂φ, ∂φ) ≡ 0 on Γ. Finally,
define M such that M : = Σ×R = M¯/SO(2). With the above notation, define the
metric g on M such that
g¯ = e−2γg + e2γ(dφ +Aνdxν)2, (Weyl-Papapetrou form) (19)
in a suitably aligned coordinate system, where e2γ : = g¯(∂φ, ∂φ) and g, γ, Aν are
independent of φ. In explicit terms, the Kerr metric (1) can be represented in the
Weyl-Papapetrou form (19) as follows (cf. Appendix A in [29]):
g¯ =
(
Σ
(r2 + a2)2 − a2∆sin2 θ
)
(−∆dt2 +R−2((r2 + a2)2 − a2∆sin2 θ)(dρ2 + dz2))
+ Σ−1 sin2 θ((r2 + a2)2 − a2∆sin2 θ)
(
dφ− 2amr
(r2 + a2)2 − a2∆sin2 θdt
)2
,
(20)
where R : =
1
2
(r−m+∆1/2), ρ : = R sin θ, z : = R cos θ. Under the above assump-
tions and away from the axes Γ, the Kerr metric satisfies the wave map equations,
L1 = 0, L2 = 0 with
L1 : =e
2γ(2(∂b(Nµ¯qq
ab∂aγ) +Ne
−4γµ¯qq
ab∂aω∂bω) (21)
L2 : =− ∂b(Nµ¯qqabe−4γ∂aω) (22)
upon the standard dimensional reduction procedure, where ω is the (gravitational)
twist potential such that,
∂aA0 +Ne−4γǫabµ¯qqbc∂cω = 0. (23)
N, qab, µ¯q are such that, upon the ADM decomposition of (M, g) = (Σ, q)× R
g = −N2dt2 + qab(dxa +Nadt)⊗ (dxb +N bdt), (24)
N is the lapse in (24) and µ¯q is the square root of the determinant of the metric
qab of Σ. In this work we shall be interested in the Maxwell tensor F such that
it is derived from an axially symmetric A. In axial symmetry, we define the twist
potentials η, λ as follows λ : = Aφ and from the Gauss constraint:
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E
a = : ǫab∂bη, (Σ, q) (25)
The existence of η : (Σ, q) → R is ensured by Poincare` Lemma on (Σ, q). We
would like to emphasize that even though the Kerr manifold has non-trivial second
(de Rham) cohomolgy class in the 3+1 dimensional sense, there is no need to
impose a global condition for the Poincare` Lemma used in (25). This is due to
the special feature of our axisymmetric problem that the quotient (Σ, q) is itself a
simply connected (topologically trivial) manifold, where the first cohomology class
is indeed trivial. This aspect manifests itself in several contexts in our problem.
Equally importantly, we would like to remark that, even though we have defined the
quantity η on Σ in the above, it lifts up smoothly and globally to (the Lorentzian)
(M, g) and transforms as a spacetime scalar (cf. Appendix D in [29]). Let us define
u and v such that u : = Bφ, v : = −Eφ so that we form the phase space
X = : {(λ, v), (η, u)}. (26)
For convenience, let us choose η = λ = 0 on Γ. It follows from standard arguments
that global regularity holds for the initial value problem of Maxwell’s equations in
the domain of outer communications of Kerr black holes. As a consequence, we
have ∂nλ = ∂nη = 0 and u = v = 0 on Γ, where ∂n is the derivative normal to Γ.
One approach to infer the spatial decay rate of η from the decay rate of E is shown
below. It follows from the global regularity and the conditions on the axes Γ and
the horizon H+ that the components of E admit the decomposition:
E
θ =
∞∑
n=0
E
θ
n cosnθ, E
r =
∞∑
n=0
E
r
n sinnθ. (27)
We have from the Gauss constraint equation, ∂rE
r
n−nEθn = 0. The decay rate of η
can now be inferred from the equation ∂aη = ǫabE
b. In particular, it follows that if
E is compactly supported, then (η, v) also vanish outside the support of E, which
in turn implies the finite propagation speed of (η, u). A similar argument applies
for (λ, v). The dynamical field equations in X can be locally represented as follows:
∂tη =Ne
2γµ¯−1q u, ∂tu = ∂b(Nµ¯qq
abe−2γ∂aη)−Nµ¯qqabe−4γ∂aω∂bλ, (28a)
∂tλ =Ne
2γµ¯−1q v, ∂tv = ∂b(Nµ¯qq
abe−2γ∂aλ) +Nµ¯qq
abe−4γ∂aω∂bη. (28b)
It is well known that the Hamiltonian energy density in the phase space XMax
has indefinite sign. In Section 2 in [29] it is shown that, the Hamiltonian energy
H : =
∫
Σ
(1
2
Ne2γµ¯−1q (u
2 + v2) +
1
2
Nµ¯qq
abe−2γ(∂aη∂bη + ∂aλ∂bλ)
+Ne−4γµ¯qq
ab∂aω∂bηλ
)
d2x, (29)
using the transformations adapted from the Robinson’s identity [33], can be trans-
formed into a positive-definite, regularized Hamiltonian energy functional
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HReg : =
∫
Σ
(1
2
Nµ¯−1q (u
2 + v2) +
1
2
Nµ¯qq
ab(∂aγ∂bγ +
1
4
e−4γ∂aω∂bω)(λ
2 + η2)
+
1
2
Nµ¯qq
ab((∂aλ− 1
2
ηe−2γ∂aω)(∂bλ− 1
2
ηe−2γ∂bω)
+ (∂aη +
1
2
λe−2γ∂aω)(∂bη +
1
2
λe−2γ∂bω))
)
d2x,
(30)
represented in the regularized phase space X : = {(λ, v), (η, u)}, where
λ : = e−γλ, η : = e−γη, v : = eγv, u : = eγu (31)
such that HReg is a Hamiltonian for X i.e.,
Dλ ·HReg = −∂tv, Dη ·HReg = −∂tu, (32a)
Dv ·HReg = ∂tλ, Du ·HReg = −∂tη. (32b)
Furthermore, the aforementioned Hamiltonian HReg has been used to construct a
divergence-free vector field density:
(JReg)0 : = eReg (33)
(JReg)b : =−
(
N2qabu(∂aη +
1
2
λe−2γe−2γ∂aω) +N
2qabv(∂aλ− 1
2
ηe−2γ∂aω)
)
,
(34)
where eReg is the energy density i.e., HReg = :
∫
Σ
eReg d2x. The divergence-free
vector field density JReg has additional information than (32) in that it can be
used to relate the boundary fluxes through any region using the Stokes theorem.
These results were later extended to the Maxwell equations on Kerr-de Sitter in
[18]. In this case, the Hamiltonian contains an additional term (cf. eq (32) in [18])
involving the cosmological constant Λ, but it nevertheless generates the flow of the
original Hamiltonian equations (28). This is due to the special internal coupling in
the equations.
Separately, in [31] a 1-parameter family of energy functionals was constructed
for axially symmetric Maxwell’s equations on Kerr black holes. In the following,
we shall reconcile their results with the Robinson’s identity and also show that the
energy functionals form a 1-parameter family of Hamiltonians for the dynamics in
the phase space X, which also shows that the Poisson bracket for different values
of the parameter vanishes.
It may be noted that the expression (30) is not symmetric with respect to a
permutation in the phase space X (or X). If we consider an alternative form of the
original Hamiltonian energy:
HAlt
′
: =
∫
Σ
(1
2
Ne2γ µ¯−1q (u
2 + v2) +
1
2
Nµ¯qq
abe−2γ(∂aη∂bη + ∂aλ∂bλ)
−Ne−4γµ¯qqab∂aω∂bλη
)
d2x (35)
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a modified form of the original Robinson’s identity applies:
1
2
Ne−2γµ¯aq
ab(∂aλ∂bλ+ ∂aη∂bη)−Nµ¯qqabe−4γ∂aω∂bλη + 1
4
L1(λ
2 + η2) +
1
2
L2λη
+
1
2
∂b
(
Nµ¯qq
abe−4γ∂aωηλ−Nµ¯qqabe−2γ∂aγ(η2 + λ2)
)
=
1
4
Ne−2γµ¯qab((∂aη + λe
−2γ∂aω)(∂bη + λe
−2γ∂bω) + (∂aλ− ηe−2γ∂aω)(∂bλ− ηe−2γ∂bω))
+
1
4
Ne−2γµ¯aq
ab((∂aλ− 2λ∂aγ)(∂bλ− 2λ∂bγ) + (∂aη − 2η∂aγ)(∂bη − 2η∂bγ)).
(36)
It may be noted that, in view of the fact that these modifications occur only in the
background and divergence terms, the final energy expression remains the same as in
(30). However, we shall use this modification together with the original Robinson’s
identity to obtain a 1-parameter family of generalized Robinson’s identities, which
results in an energy expression that is more symmetric upon a permutation in the
phase space X . In the process we shall recover the energy expression obtained in
[31].
Corollary 1.1. Suppose F is compactly supported and axially symmetric (with
LφA ≡ 0), with smooth initial data, then the following statements hold for the
initial value problem of F in (M¯, g¯) with |a| < m:
(1) There exists a 1-parameter family of positive-definite Hamiltonian function-
als HAltS (s), s ∈ [0, 1] in the phase-space X, in particular,
{
HAltS (s), H
Alt
S (τ)
}
≡ 0 (37)
where HAltS (s) and H
Alt
S (τ) are such that s 6= τ with s, τ ∈ [0, 1] and {·, ·}
is the Poisson bracket in the phase space X.
(2) There exists a 1-parameter family of (spacetime) divergence-free vector field
densities JS(s), s ∈ [0, 1] such that its flux through t−constant hypersurfaces
is positive-definite.
Proof. Consider the linear sum of the sub-Hamiltonians (29) and (35) for s ∈ [0, 1]
as follows
HS(s) : =
∫
Σ
(1
2
Nµ¯−1q e
2γ(u2 + v2) +
1
2
Nµ¯qq
abe−2γ(∂aλ∂bλ+ ∂aη∂bη)
+ sNe−4γµ¯qq
ab∂aω∂bηλ− (1− s)Ne−4γµ¯qqab∂aω∂bλη
)
d2x (38)
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Introduce the quantity I(s) such that
I(s) : =
1
4
Nµ¯qe
−2γqab
(
(∂aη − 4(1− s)η∂aγ)(∂bη − 4(1− s)η∂bγ) (39)
+ (∂aλ− 4sλ∂aγ)(∂bλ− 4sλ∂bγ)
)
+
1
4
Nµ¯qe
−2γqab
(
(∂aη + 2sλe
−2γ∂aω)(∂bη + 2sλe
−2γ∂bω)
+ (∂aλ− 2(1− s)e−2γ∂aω)(∂bλ− 2(1− s)ηe−2γ∂bω)
)
− 1
2
Nµ¯qq
abqabe−2γ(∂aη∂bη + ∂aλ∂bλ) (40)
and
II(s) : =− ∂b
(
Nµ¯qq
abe−2γ∂aγ(sλ
2 + (1 − s)η2)
)
(41)
such that I(s)− II(s) can be expressed as, after the imposition of the background
field equations
I(s)− II(s) =sNe−4γµ¯qqab∂aω∂bηλ− (1− s)Ne−4γ µ¯qqab∂aω∂bλη
− 2Nµ¯qqabe−2γ(∂aγ∂bγ + 1
4
e−4γ∂aω∂bω)(s(1 − 2s)λ2 + (1− s)(1− 2(1− s))η2)
(42)
As a consequence, we shall transform the original Hamiltonian into the positive-
definite form for s ∈ [0, 1]:
HAltS (s) : =
∫
Σ
(1
2
Ne2γµ¯−1q (u
2 + v2) +
1
4
Nµ¯qe
−2γqab
(
(∂aη − 4(1− s)η∂aγ)(∂bη − 4(1− s)η∂bγ)
+ (∂aλ− 4sλ∂aγ)(∂bλ− 4sλ∂bγ)
)
+ (∂aη + 2sλe
−2γ∂aω)(∂bη + 2sλe
−2γ∂bω)
+ (∂aλ− 2(1− s)e−2γη∂aω)(∂bλ− 2(1− s)ηe−2γ∂bω)
)
+ 2Nµ¯qq
abe−2γ(∂aγ∂bγ +
1
4
e−4γ∂aω∂bω)(s(1− 2s)λ2 + (1− s)(1 − 2(1− s))η2)
)
d2x
(43)
where we have effectively constructed a generalized 1−parameter family of Robin-
son’s identities. We would like to remark that, interestingly, in the construction
above we are not directly imposing the L2 wave map equation, in contrast with (36)
and (2.32) in [29]. We shall now prove that HAltS (s) has the Hamiltonian structure.
We recover:
Du ·HAltS (s) = Ne2γµ¯−1q u, Dv ·HAltS (s) = Ne2γµ¯−1q v. (44)
Now consider the quantities, Dλ · HAltS (s) and Dη · HAltS (s) respectively. The fol-
lowing terms constitute Dλ ·HAltS (s) :
Ne−2γµ¯qq
ab∂aλ∂bλ
′ =∂b(Ne
−2γµ¯qq
ab∂aλλ
′)− ∂b(Ne−2γµ¯qqab∂aλ)λ′,
−(1− s)Nµ¯qe−4γqabη∂aλ′∂bω =− (1− s)∂b(ηNµ¯qe−4γqab∂bωλ′)
+ (1− s)∂b(ηe−4γ µ¯qqab∂aω)λ′, (45)
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− 2sλNµ¯qe−2γqab∂aλ′∂bγ − 2sλ′Nµ¯qe−2γqab∂aλ∂bγ
= −2s∂b(λNµ¯qe−2γqab∂aλλ′) + 2s∂b(λNµ¯qe−2γqab∂aγ)λ′
− 2sλ′Nµ¯qe−2γqab∂aλ∂bγ, (46)
sNµ¯qe
−4γqab∂aω∂bηλ
′, (47)
and
4Nµ¯qq
abe−2γ(∂aγ∂bγ +
1
4
e−4γ∂aω∂bω)(sλλ
′) (48)
where λ′ is the first variation of λ. Likewise, Dη ·HAltS (s) is made of the terms
Ne−2γµ¯qq
ab∂aη∂bη
′ =∂b(Ne
−2γµ¯qq
ab∂aηη
′)− ∂b(Ne−2γ µ¯qqab∂bη)η′,
sNλµ¯qe
−4γqab∂aη
′∂bω =s∂b(λNµ¯qe
−4γqab∂aωη
′)− s∂b(λNµ¯qe−4γqab∂aω)η′,
(49)
− 2(1− s)Ne−2γµ¯qqab∂aη∂bγη′ − 2(1− s)Ne−2γµ¯qqabη∂aη′∂bγ
= −2(1− s)Ne−2γµ¯qqab∂aη∂bγη′ − 2(1− s)∂b(ηNe−2γ µ¯qµ¯qqab∂aγη′)
+ 2(1− s)∂b(ηNe−2γµ¯qqab∂aγ)η′, (50)
−(1− s)e−4γNµ¯qqab∂aω∂bλ (51)
and
4Nµ¯qq
abe−2γ(∂aγ∂bγ +
1
4
e−4γ∂aω∂bω)(1− s)ηη′ (52)
for the first variation η′ of η. Collecting all the expressions above and using the
background field equations, we recover the Hamiltonian field equations:
Dλ ·HAltS (s) =− ∂b(Ne−2γµ¯qqab∂aλ) +Nµ¯qqabe−4γ∂aω∂bη, (53a)
Dη ·HAltS (s) =− ∂b(Ne−2γµ¯qqab∂aη)−Nµ¯qqabe−4γ∂aω∂bλ. (53b)
In principle, if we have two conserved quantities, their Poisson bracket provides
another conserved quantity. However, it follows immediately from (44) and (53),
that the Poisson bracket {
HAltS (s), H
Alt
S (τ)
}
≡ 0 (54)
for any fixed s, τ ∈ [0, 1], s 6= τ. In other words, the 1−parameter familyHAltS (s), s ∈
[0, 1] are in involution.
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If we consider the phase space X we can transform the aforementioned Hamil-
tonian energy density as follows
1
4
Ne−2γµ¯qq
ab
(
(∂aλ− 4sλ∂aγ)(∂bλ− 4sλ∂bγ) + (∂aη − 4(1− s)η∂aγ)(∂bη − 4(1− s)η∂bγ)
)
+
1
4
Ne−2γµ¯qq
ab
(
(∂aη + 2sλe
−2γ∂aω)(∂bη + 2sλe
−2γ∂bω)
+ (∂aλ− 2(1− s)ηe−2γ∂aω)(∂bλ− 2(1− s)ηe−2γ∂bω)
)
+ 2Nµ¯qq
abe−2γ(∂aγ∂bγ +
1
4
e−4γ∂aω∂bω)(s(1− 2s)λ2 + (1− s)(1 − 2(1− s))η2)
=
1
2
Nµ¯qe
−2γqab
(
(∂aη − 2(1− s)η∂aγ + sλe−2γ∂aω)(∂bη − 2(1− s)η∂bγ + sλe−2γ∂bω)
+ (∂aλ− 2sλ∂aγ − (1 − s)ηe−2γ∂aω)(∂bλ− 2sλ∂bγ − (1 − s)ηe−2γ∂bω)
)
+ 2Ns(1− s)µ¯qqabe−2γ(∂aγ∂bγ + 1
4
e−4γ∂aω∂bω)(λ
2 + η2) (55)
=
1
2
Nµ¯qq
ab
(
(∂aλ− 2(s− 1
2
)λ∂aγ − (1− s)ηe−2γ∂aω)(∂bλ− 2(s− 1
2
)λ∂bγ − (1− s)ηe−2γ∂bω)
+ (∂aη − 2(1
2
− s)η∂aγ + sλe−2γ∂aω)(∂bη − 2(1
2
− s)η∂aγ + sλe−2γ∂bω)
)
+ 2s(1− s)Nµ¯qqab(∂aγ∂bγ + 1
4
e−4γ∂aω∂bω)(λ
2 + η2). (56)
So that we have the expression,
HRegS (s) : =
∫
Σ
(1
2
Nµ¯−1q (u
2 + v)2 + 2s(1− s)Nµ¯qqab(∂aγ∂bγ + 1
4
e−4γ∂aω∂bω)(λ
2 + η2)
1
2
Nµ¯qq
ab
(
(∂aλ− 2(s− 1
2
)λ∂aγ − (1− s)ηe−2γ∂aω)(∂bλ− 2(s− 1
2
)λ∂bγ − (1− s)ηe−2γ∂bω)
+ (∂aη − 2(1
2
− s)η∂aγ + sλe−2γ∂aω)(∂bη − 2(1
2
− s)η∂aγ + sλe−2γ∂bω)
))
d2x
(57)
which also serves as a Hamiltonian for the dynamics of X i.e.,
Dλ ·HRegS (s) = −∂tv, Dη ·HRegS (s) = −∂vu, (58)
Dv ·HRegS (s) = ∂tλ, Du ·HRegS (s) = −∂tη. (59)
Upon appropriate adjustment of notation, this energy functional matches with the
one obtained in [31]. Let us now calculate the ∂∂te
Reg
S (s), where e
Reg
S (s) is the
energy density i.e., HRegS (s) =
∫
Σ
e
Reg
S (s)d
2x. Define the quantities u¯ : = Nµ¯−1q u
and v¯ : = Nµ¯−1q v, then the ∂a(∂tη) and ∂a(∂tλ) terms can be represented as
Nµ¯qq
ab∂au¯(∂aη − 2(1− s)η∂bγ + sλe−2γ∂bγ)
+2u¯Nµ¯qq
ab∂aγ(∂aη − 2(1− s)η∂bγ + sλe−2γ∂bγ) (60)
and
Nµ¯qq
ab∂av¯(∂bλ− 2sλ∂bγ − (1 − s)e−2γ∂bω)
2v¯Nµ¯qq
ab∂aγ(∂bλ− 2sλ∂bγ − (1 − s)e−2γ∂bω) (61)
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respectively. Likewise, the ∂tη and ∂tλ terms can be represented as
u¯
(
∂b(Nµ¯qq
ab∂aη) +Nµ¯qq
ab(−2∂aη∂bγ + e−2γ∂aω∂bλ− 2(1− s)∂aγ(∂bη − 2(1− s)η∂bγ + sλe−2γ∂bω)
− (1− s)e−2γ∂aω(∂bλ− 2sλ∂bγ − (1− s)ηe − 2γ)∂bω + 4s(1− s)(∂aγ∂bγ + 1
4
e−4γ∂aω∂bω)η)
)
(62)
and
v¯
(
∂b(Nµ¯qq
ab∂bλ) +Nµ¯qq
ab(−2∂aγ∂bλ+ e−2γ∂aω∂bη + sλe−2γ∂aω(∂aη − 2(1− s)η∂bγ + sλe−2γ∂bω)
− 2s∂aγ(∂aλ− 2sλ∂bγ − (1− s)ηe−2γ∂bω) + 4s(1− s)(∂aγ∂bγ + e−4γ∂aω∂bω)λ)
)
.
(63)
Collecting the ∂au¯, u¯ and ∂av¯, v¯ separately in the above, we get
∂
∂t
e
Reg
S (s) = ∂b
(
Nµ¯qq
abu¯(∂aη − 2(1− s)η∂bγ + sλe−2γ∂bω)
+Nµ¯qq
abv¯(∂aλ− 2sλ∂aγ − (1− s)ηe−2γ∂aω)
)
= ∂b
(
N2qabu(∂aη − 2(1− s)η∂bγ + sλe−2γ∂bω)
+N2qabv(∂aλ− 2sλ∂aγ − (1− s)ηe−2γ∂aω)
)
. (64)
Therefore, the vector field density JRegS (s) defined as
(JRegS (s))
t : =eRegS (s) (65a)
(JRegS (s))
a : =−N2qab
(
u(∂aη − 2(1− s)η∂bγ + sλe−2γ∂bω)
+ v(∂aλ− 2sλ∂aγ − (1− s)ηe−2γ∂aω)
)
(65b)
is (spacetime) divergence free. As we already noted, the divergence-free JRegS has
additional information than (58) in that it can be used to relate the fluxes through
various hypersurfaces, without a bulk term. 
2. A Conserved Energy For Newman-Penrose-Maxwell Scalars
For convenience, let us now represent the tetrad 1-forms in Boyer-Lindquist
coordinates, that are consistant with the normalization introduced above:
ℓ =
1
∆
(−∆dt+Σdr + a sin2 θ∆dφ), (66a)
n =
1
2Σ
(−∆dt− Σdr + a sin2 θ∆dφ), (66b)
m =
1
Σ
√
2
(−ia sin θdt+Σdθ + i(r2 + a2) sin θdφ), (66c)
m∗ =
1
Σ∗
√
2
(ia sin θdt+Σdθ − i(r2 + a2) sin θdφ), (66d)
so that,
g¯µν = −ℓµnν − nµℓν +mµm∗ν +m∗µmν . (67)
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In this work, we shall use the following convention for the anti-symmetric sum
X[aYb] : = XaYb −XbYa (i.e., without the factor of 2). Upon the inversion of basis
and taking advantage of the tetrad form (67), the E andB fields can be represented
in terms of the Maxwell scalars as follows:
E
i =2e−2γNµ¯q
(
Re(Φ0m
∗[0ni] +Φ1(n
[0ℓi] +m[0m∗i]) + Φ2ℓ
[0mi])
)
, (68)
B
i =ǫijkRe(Φ0m
∗
[jnk] +Φ1(n[jℓk] +m[jm
∗
k]) + Φ2ℓ[jmk]), i, j = 1, 2, 3. (69)
where Re(z) = 2−1(z + z∗). For later use, let us collect the following quantities in
Boyer-Lindquist coordinates:
ℓ[0m3] =
i√
2Σ∆
(−a2 sin2 θ + csc θ(r2 + a2)) (70a)
m∗[0n3] =
i
2
√
2ΣΣ
(csc θ(r2 + a2)− a2 sin θ) (70b)
ℓ[1m2] =
1√
2Σ
, m∗[1n2] = − ∆
2
√
2ΣΣ∗
(70c)
ℓ[0n3] =0, m∗[0m3] = 0, ℓ[1n2] = 0, m∗[1m2] = 0. (70d)
In the following, we shall represent the Maxwell scalars Φ0,Φ1,Φ2 in terms of
the phase space variables X = {(λ, v), (η, u)} and dimensionally reduced form.
Φ0 =Ne
2γµ¯qv
i√
2Σ∆
(−a2 sin2 θ + csc θ(r2 + a2)) + u 1√
2Σ
+
(
(−N2e−2γ + e2γA20)N−1µ¯−1q qabǫbc∂cη
1−N−2e4γA20
−A0∂aλ
)
ℓ[0ma] + ∂aλℓ
[am3],
(71a)
Φ1 =
1
2
(
(−N2e−2γ + e2γA20)N−1µ¯−1q qabǫbc∂cη
1−N−2e4γA20
−A0∂aλ
)
(ℓ[0na] +m∗[0ma])
+
1
2
∂aλ(ℓ
[am3] +m∗[am3]), (71b)
and
Φ2 =Ne
2γµ¯qv
i
2
√
2ΣΣ
((r2 + a2) csc θ − a2 sin θ) + u −∆
2
√
2ΣΣ∗
+
(
(−N2e−2γ + e2γA20)N−1µ¯−1q qabǫbc∂cη
1−N−2e4γA20
−A0∂aλ
)
m∗[0na] + ∂aλm
∗[an3].
(71c)
Derivative Operators and Spin Coefficients. Let us define the (directional)
derivative operators along the tetrad (ℓ, n,m,m∗) as follows
D : = ℓµ∂µ, ∆ : = n
µ∂µ, δ : = m
µ∂µ, δ
∗ : = m¯µ∂µ. (72)
In consistancy with our Hamiltonian framework, we had to chose the (− + ++)
sign convention for our metric. As a consequence, the null tetrad has ‘(− − ++)’
sign convention (cf. (7)), which in turn alters the definitions of spin coefficients
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from the standard literature (e.g., [6]). We shall now define spin coefficients from
first principles and evaluate them for the Kerr metrics as per our conventions, for
the convenience of the reader. We shall also derive the Maxwell’s equations for
Φ0,Φ1,Φ2 accordingly.
ρ : =−mµm∗ν∇¯νℓµ = 1
Σ∗
, (73a)
τ : =−mµnν∇¯νℓµ = ia sin θ√
2Σ
, (73b)
µ : =m∗µmν∇¯νnµ = ∆
2Σ∗Σ
, (73c)
π : =m∗µℓν∇¯νnµ = − ia sin θ√
2Σ∗2
, (73d)
γ : =
1
2
(−nµnν∇¯νℓµ +m∗µnν∇¯νmµ) = ∆
2Σ∗Σ
− r −m
2Σ
, (73e)
β : =
1
2
(−nµmν∇¯νℓµ +m∗µmν∇¯νmµ) = − cot θ
2
√
2Σ
, (73f)
α : =
1
2
(−nµmν∇¯νℓµ +m∗µm∗ν∇¯νmµ) = − ia sin θ√
2Σ∗2
+
cot θ
2
√
2Σ∗
. (73g)
From the definitions and in view of the fact that the Kerr metric is of Petrov type
D, we have
κ : = −ℓµmν∇¯νℓµ ≡ σ : = −mµmν∇¯νℓµ ≡ λ : = m∗µm∗ν∇¯νnµ ≡ 0,
ν : = m∗µnν∇¯νnµ ≡ ǫ : = 1
2
(−nµℓν∇¯νℓµ +m∗µℓν∇¯νmµ) ≡ 0 (74)
for Kerr metrics.
Maxwell’s equations. The Maxwell field equations
∇¯µFµν = 0 (75)
can be written in the tetrad form as,
−∇¯ℓFℓn + ∇¯m∗Fℓm + ∇¯mFℓm∗ =0 (76a)
−∇¯nFnℓ + ∇¯m∗Fnm + ∇¯mFnm∗ =0 (76b)
−∇¯nFmℓ − ∇¯ℓFmn + ∇¯mFmm∗ =0 (76c)
−∇¯nFm∗ℓ − ∇¯ℓFm∗n +∇m∗Fm∗m =0 (76d)
Using the Bianchi identities (9), we get correspondingly
∇¯ℓΦ1 = ∇¯m∗Φ0, ∇¯mΦ2 = ∇¯nΦ1, (77a)
∇¯ℓΦ2 = ∇¯m∗Φ1, ∇¯mΦ1 = ∇¯nΦ0 (77b)
in the clockwise order. Now, eliminating the covariant derivatives acting on Maxwell
scalars in favour of the directional derivatives, we get the following
∇¯αΦ1 = ∂αΦ1 −mµ(eα)ν∇¯νℓµΦ2 −m∗µ(eα)ν∇¯νnµΦ0, (78)
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∇¯m∗Φ0 = δ∗Φ0 + 2ρ− 2αΦ1, ∇¯ℓΦ1 =DΦ1 + κΦ2 − πΦ0, (79a)
∇¯mΦ2 = δΦ2 + 2βΦ2 − 2µΦ1, ∇¯nΦ1 =∆Φ1 + τΦ2 − νΦ0, (79b)
∇¯nΦ0 = ∆Φ0 + 2τΦ1 − 2γΦ0, ∇¯mΦ1 = δΦ1 + σΦ2 − µΦ0, (79c)
∇¯ℓΦ2 =DΦ2 + 2ǫΦ2 − 2πΦ1, ∇¯m∗Φ1 = δ∗Φ1 + ρΦ2 − λΦ0. (79d)
Consequently, the Maxwell’s field equations on Kerr metrics are
DΦ1 − δ∗Φ0 =(π − 2α)Φ0 + 2ρΦ1, (80a)
∆Φ1 − δΦ2 =(2β − τ )Φ2 − 2µΦ1, (80b)
δΦ1 −∆Φ0 =(µ−2γ)Φ0 + 2τΦ1, (80c)
δ∗Φ1 −DΦ2 =(2ǫ− ρ)Φ2 − 2πΦ1 (80d)
respectively, where the spin coefficients for the Kerr metric are defined and ex-
pressed as in (73). In the case of axial symmetry, if we use the formulas (71), the
satisfaction of system (80), in consistancy with the field equations (28), is readily
verified.
Proposition 2.1. Suppose F = dA is a Maxwell tensor that satisfies the Maxwell’s
equations and is axially symmetric LφF ≡ 0. Then,
(1) The Maxwell scalars Φ0,Φ1,Φ2 are also axially symmetric LφΦi ≡ 0, i =
0, 1, 2
(2) Suppose, ψ = Φ0 or Σ
∗2Φ2, then(
(r2 + a2)2
∆
− a2 sin2 θ
)
∂2t ψ −∆−s∂r(∆s+1∂rψ)−
1
sin θ
∂θ(sin θ∂θψ)
− 2s
(
m(r2 − a2)
∆
− r − ia cos θ
)
∂tψ + (s
2 cot2 θ − s)ψ = 0 (81)
for s = ±1.
Proof. Part 1) follows by inspection, while noting that our tetrad is also axially
symmetric and part 2) is the famous Teukolsky’s master equation [38] with axial
symmetry, for which, the case |s| = 1 corresponds to Maxwell’s equations. The
‘extreme’ components Φ0 and Φ2 are also related by the celebrated Teukolsky-
Starobinsky differential identities. 
We would like to remark that the Maxwell perturbations are governed by the two
independent degrees of freedom, corresponding to the Maxwell scalars Φ0 and Φ2.
However, the transformation of the Maxwell field equations to the field equations
(Teukolsky’s equation (81)) for these extreme components are governed by the
higher order differential operators. In this work we shall focus on the total energy
of the fundamental Maxwell field equations (80), so it involves all the Maxwell
scalars. It may be noted that the lack of positivity of energy also affects the
dynamics of the Maxwell scalars Φ0,Φ1,Φ2. This is evident if we represent the
original Maxwell energy, corresponding to the Hamiltonian flow of ∂t, in terms of
the axially symmetric NP scalars on the Kerr metric:
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E(Φ0,Φ1,Φ1)
: =
∫
Σ
(1
2
Ne2γµ¯−1q
(
(2e−2γNµ¯q(Re(Φ0m
∗[0n3] +Φ1(n
[0ℓ3] +m[0m∗3])
+Φ2ℓ
[0m3])))2 + (2Re(Φ0m
∗
[1n2] +Φ1(n[1ℓ2] +m[1m
∗
2]) + Φ2ℓ[1m2]))
2
)
1
2
Nµ¯qq
abe−2γ
(
(2Re(Φ0m
∗
[an3] +Φ1(n[aℓ3] +m[am
∗
3]) + Φ2ℓ[am3]))
(2Re(Φ0m
∗
[bn3] +Φ1(n[bℓ3] +m[bm
∗
3]) + Φ2ℓ[bm3])
+(2e−2γNµ¯qǫacRe(Φ0m
[∗0nc] +Φ1(n
[0ℓc] +m[0m∗c]) + Φ2ℓ
[0mc])
(2e−2γNµ¯qǫbcRe(Φ0m
[∗0nc] +Φ1(n
[0ℓc] +m[0m∗c]) + Φ2ℓ
[0mc])
)
−N¯φǫab
(
(2Re(Φ0m
∗
[an3] +Φ1(n[aℓ3] +m[am
∗
3]) + Φ2ℓ[am3])
(2e−2γNµ¯qǫbcRe(Φ0m
[∗0nc] +Φ1(n
[0ℓc] +m[0m∗c]) + Φ2ℓ
[0mc])
))
d2x.
(82)
In the following we shall construct a positive-definite and conserved energy func-
tional using a non-local canonical transformation from the twist potential variables.
We would like to remark that the energy expression (82) has a similar struc-
ture to the original Bel-Robinson energy of the Weyl scalars corresponding to the
gravitational perturbations (cf. Appendix I in [29]). However, in contrast with the
Maxwell case, Weyl scalars differ in two orders of derivatives from the twist poten-
tial variables used in the construction of the positive-definite energy functional for
gravitational perturbations (which in turn is closely related to the ADM mass).
Theorem 2.2. (1) Suppose, η : (Σ, q)→ R and λ : (Σ, q)→ R are the twist
potentials such that Ea = ǫab∂bη and B
a = ǫab∂bλ then η and λ are uniquely
given by
η = ∂b
(
2Ne2γµ¯2qq
abǫcaRe(Φ0m
∗[0nc] +Φ1(n
0ℓc] +m[0m∗c]) + Φ2ℓ
[0mc])
)
⋆ K (83)
λ = ∂b
(
2µ¯qq
abRe(Φ0m
∗
[an3] +Φ1(n[aℓ3] +m[am
∗
3]) + Φ2ℓ[am3])
)
⋆ K, (84)
respectively, where K is the fundamental solution of the 2−Laplacian and
⋆ is the convolution in Σ with the flat metric.
(2) There exits a 1−parameter family of positive-definite and conserved energy
functionals for the initial value problem of the Maxwell scalars Φ0,Φ1,Φ2
(80)
Proof. In this work we shall use the coordinate system (ρ¯, z¯) on (Σ, q) such that
H+ ∪ Γ = {ρ¯ = 0} but the results extend to other coordinates (cf. Appendices G
and H in [29] ). Likewise, we shall restrict to η and the proof is similar for λ. It
follows from the definition of η and the regularity conditions on the axes Γ that
(2)∆ η = ∂a
(
µ¯qq
abǫcbE
c
)
, (Σ, q) (85a)
η =0, Γ (85b)
η =0, H+ (85c)
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with ∂aE
a = 0, (Σ, q), where (2)∆ =
∂2
∂r¯2
+
1
r¯
∂
∂r¯
+
1
r¯2
∂2
∂θ¯
, ρ¯ = r¯ cos θ¯, z¯ = r¯ sin θ¯.
It follows from the method of images that the fundamental of solution K of the
Laplacian on Σ
(2)∆K = δ(r¯), Σ (86a)
K =0, Γ (86b)
K =0, H+ (86c)
is
K =
1
2π
log ̺− 1
2π
log ̺′ (87)
where ̺, ̺′ are the (Euclidean) distances from (ρ¯, z¯) ∈ Σ and its ‘image point’
(−ρ¯, z¯) respectively and δ(r¯) is the Dirac delta function on Σ with flat metric.
K has faster decay rate than the fundamental solution of the Laplacian on R2.
Likewise, we can represent λ as follows
(2)∆λ = ∂a
(
µ¯qq
abǫcbB
c
)
, (Σ, q) (88a)
λ =0, Γ (88b)
λ =0, H+. (88c)
The representation formulas (83) and (84) follow immediately. It may be noted
that, in a strict sense, the representation formulas for η and λ correspond to their
definitions only if the Gauss constraint equations are satisfied. In our work, we are
only interested in the Maxwell scalars which satisfy the Maxwell equations, so this
condition is automatically satisfied. Now, eliminating the variables in X in favour
of the Maxwell scalars Φ0,Φ1,Φ2, we get a positive-definite energy expression for
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their dynamics:
HNPM(Φ0,Φ1,Φ1)
: =
∫
Σ
{
1
2
Ne2γµ¯−1q
{(
2e−2γNµ¯q
(
Re(Φ0m
∗[0n3] +Φ1(n
[0ℓ3] +m[0m∗3])
+Φ2ℓ
[0m3])
))2
+
(
2Re(Φ0m
∗
[1n2] +Φ1(n[1ℓ2] +m[1m
∗
2]) + Φ2ℓ[1m2])
)2}
+
1
2
Nµ¯qq
abe−2γ
{(
2Re(Φ0m
∗
[an3] +Φ1(n[aℓ3] +m[am
∗
3]) + Φ2ℓ[am3])
−2s∂aγ∂c
(
2µ¯qq
dcRe(Φ0m
∗
[dn3] +Φ1(n[dℓ3] +m[dm
∗
3]) + Φ2ℓ[dm3])
)
⋆ K
−(1− s)e−2γ∂aω∂c
(
2Ne2γµ¯2qq
dcǫfdRe(Φ0m
∗[0nf ] +Φ1(n
[0ℓf ] +m[0m∗f ])
+Φ2ℓ
[0mf ])
)
⋆ K
)
·
(
2Re(Φ0m
∗
[bn3] +Φ1(n[bℓ3] +m[bm
∗
3]) + Φ2ℓ[bm3])
−2s∂bγ∂c
(
2µ¯qq
dcRe(Φ0m
∗
[dn3] +Φ1(n[dℓ3] +m[dm
∗
3]) + Φ2ℓ[dm3])
)
⋆ K
−(1− s)e−2γ∂bω∂c
(
2Ne2γµ¯2qq
dcǫfdRe(Φ0m
∗[0nf ] +Φ1(n
[0ℓf ] +m[0m∗f ])
+Φ2ℓ
[0mf ])
)
⋆ K
)
+
(
2e−2γNµ¯qǫacRe(Φ0m
[∗0nc] +Φ1(n
[0ℓc] +m[0m∗c])
+Φ2ℓ
[0mc])− 2(1− s)∂aγ∂c
(
2Ne2γµ¯2qq
dcǫfdRe(Φ0m
∗[0nf ] +Φ1(n
[0ℓf ] +m[0m∗f ])
+Φ2ℓ
[0mf ])
)
⋆ K + se−2γ∂aω∂c
(
µ¯qq
dcRe(Φ0m
∗
[dn3] +Φ1(n[dℓ3] +m[dm
∗
3])
+Φ2ℓ[dm3])
)
⋆ K
)
·
(
2e−2γNµ¯qǫbcRe(Φ0m
[∗0nc] +Φ1(n
[0ℓc] +m[0m∗c]) + Φ2ℓ
[0mc])
−2(1− s)∂bγ∂c
(
2Ne2γµ¯2qq
dcǫfdRe(Φ0m
∗[0nf ] +Φ1(n
[0ℓf ] +m[0m∗f ]) + Φ2ℓ
[0mf ])
)
⋆ K
+se−2γ∂bω∂c
(
µ¯qq
dcRe(Φ0m
∗
[dn3] +Φ1(n[dℓ3] +m[dm
∗
3]) + Φ2ℓ[dm3])
)
⋆ K
)}
+2s(1− s)Nµ¯qqab(∂aγ∂bγ + 1
4
e−4γ∂aω∂bω)·(
(∂b
(
2µ¯qq
abRe(Φ0m
∗
[an3] +Φ1(n[aℓ3] +mam
∗
3]) + Φ2ℓ[am3])
)
⋆ K)2
+(∂b
(
2Ne2γµ¯2qq
abǫcaRe(Φ0m
∗[0nc] +Φ1(n
[0ℓc] +m[0m∗c]) + Φ2ℓ
[0mc])
)
⋆ K)2
)}
d2x.
(89)

In contrast with (82), the energy functional (89) is nonlocal in the Maxwell
scalars Φ0,Φ1,Φ2. If desired, the ∂ω terms can be eliminated using (23) to obtain
a completely 3+1 representation of the energy functional (89).
Acknowledgements. I express my gratitude to Vincent Moncrief for the enjoyable
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